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ABSTRACT 
 

A simple Taylor-series analysis is made of the finite-difference formulations of the convection 
terms of convection-diffusion equations. A limitation is derived on grid Peclet number and grid size for 
a formulation to produce the expected numerical results. To verify the theory, the systematic numerical 
computations were carried out of a simple one-dimensional convection-diffusion equation. The results 
show that the grid size has stronger effects on the prediction accuracy of a formulation than the grid 
Peclet number does and the higher the order is of a formulation the finer the grid is required to get an 
acceptable physically true result. It is also demonstrated in this paper by numerical computations that the 
second-order-up schemes do not work better than the second-order up-winding scheme, at least for the 
problem solved in this paper. Therefore the second-order up-winding scheme is recommended for 
numerical modeling of convection-diffusion equations. 
 

1. INTRODUCTION 

It has been generally understood that it is one of the simplest and the most effective ways to discrete 
the convection terms of convection-diffusion equations (CDEs) with high-order differencing in order to 
improve the finite-difference formulation (FDF) of CDE s[1] . Thus over the last decade, a great number 
of new formulations had been proposed with a high-order accuracy. The art in numerical modeling of 
CDEs is therefore marching into a new era. Since the high-order formulations generally give a better 
prediction than the exponential difference scheme(EDS)-based formulations do, there seems to have a 
tendency of replacing the EDS-based schemes with the high-order ones. Some of the 
internationally-known journals even have taken the policy on requiring the methods used in modeling 
CDEs must be at least second-order accurate in space for a paper to be accepted for publishing in these 
journals[2,3,4]. There are also people who strongly recommend using locally very-high-order formulations 
to deal with so-called ‘sudden-jump’ regions [5]. However, the high-order FDFs are usually apt to be 
associated with unphysical oscillations and instabilities[6]. Therefore various complicated methods are 
taken to abate the problem, which seems to make the high-order formulations perfect[7]. 
 

However, there exists an inconsistency in all of those high-order formulations: the convection 
terms are discretized with at least the second-order differencing, while the diffusion terms always the 
second-order central differencing. Therefore, it should still be a question if we really need a formulation 
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for the convection terms of higher than the second-order. Furthermore, it is almost a rule of assessing a 
formulation to give the various tests against grid Peclet number Peh. A formulation is thus said 
successful if it can produce reasonable predictions up to large grid Peclet numbers. Obviously, this 
leaves an impression that it is this largest grid Peclet number that represents the effectiveness of a 
formulation, and the grid size is only of  minor importance. However, grid Peclet number comes 
originally from the analysis of the second-order central-difference scheme. If one recalls that the 
finite-difference method is in fact based on the Taylor expansion, then it is clear that the grid size should 
be of greater importance than the grid Peclet number. Actually, when one says ‘the order’ he means to 
refer to that of grid size. Therefore, there is nothing to do with grid Peclet number in talking about the 
order of a formulation. 

In this paper, an attempt is made to clarify the plausibility and paradoxes concerning 
assessing the performance of FDFs. A limitation on Peh and h for a formulation to produce a 
corresponding order accurate prediction is derived based on a simple Taylor-series analysis. To 
demonstrate the theory, the systematic comparisons are made of a simple steady 
one-dimensional convection-diffusion problem with several typical differencing schemes. 

 

2. THE THEORY 

Since high-order formulations are all up-winding to a certain extent and the control-volume method 
is widely used, it is helpful to express the control-volume face value ϑf by the following Taylor 
expansion, 
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where subscript (i-1) denotes the first up-stream node of the control-volume face f, and h is the grid size 
( the distance between the two neighboring nodes). 

It can be shown that all the high-order formulations of convection terms of CDEs can be expressed 
by eq(1) with a proper truncation of the infinite series. However, as we know, eq(1) is in fact a general 
expression of any function. Therefore it does not characterize the convection features in CDEs. In order 
to make it suitable for examining the finite-difference formulations of CDEs, it is helpful to combine it 
with the following one-dimensional CDE, 
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where, PeL is the Peclet number of concerned problem[1]. 

From eq(3), one can easily derive the following relationship of the mth-order and the first-order 
derivatives, 
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which states that the mth-order derivative of convected variable ϑ is proportional to the first-order 
derivative. Therefore if the first-order derivative has a finite value, and PeL >1 (which is the common 
case in reality) then the higher the order of the derivative, the larger the value it is. 

Introducing eq(3) into eq(1) and defining the so-called grid Peclet number Peh  as, 

Peh =h PeL                                                                                     (4) 
one has, 



  

( )
ϑ ϑ ∂ϑ

∂f i
i

h
m

m
mx

Pe h
m

= +−
−

−

=

∞

∑1
1

1

1 2 !
                                              (5) 

For a nth-order formulation, the terms in eq(5) with m ≥ n are simply omitted. Therefore the 
truncation error (T.E.) of a nth-order formulation can be taken approximately as*, 
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From which one can conclude that for a nth-order approximation, the truncation error is proportional to 
grid Peclet number Peh and grid size h. If Peh > 1, then the series converges very slowly. Therefore, 
increasing the order of the approximation will not appreciably reduce its truncation error unless the order 
is extremely high. Actually, according to the Taylor-series expansion theory, if a good approximation is 
expected for a nth-order formulation, then it requires that h(Peh )m-1 be a small quantity even the series is 
convergent and the first-order derivative is finite. Furthermore, since both ϑ and x we used here are 
normalized, the magnitude of the first-order derivative is at least comparable to that of ϑ. Therefore, in 
order to make a formulation be a good approximation it is absolutely necessary to ensure that T.E. is 
small. And thus we have the following limitation on Peh and h for a nth-order formulation, 
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or, rearranged as 
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which indicates that if a nth-order accurate prediction is expected with a nth-order formulation, the grid 
size and/or grid Peclet number cannot be selected arbitrarily in numerical computation. Otherwise, a 
worse prediction should be expected. It should be also noted that for a higher-order (i.e. larger n) 
formulation the smaller h is required. This perhaps explains at least partly why the high-order 
formulations are usually apt to be associated with unphysical oscillations and instabilities. This probably 
also hints that it might not be an effective way in treating ‘sudden-jump’ regions with the 
second-order-up approximation as suggested by Leonard[6] than with a finer grid instead. 

If we insert a factor of 0.1 into the right-hand side of eq(7), then we may have the upper-limit for h 
approximately, 
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3. NUMERICAL EXAMPLES——TESTING OF THE THEORY 

In order to verify the theory, the numerical computations were carried out with several typical 
formulations (the power-law[8], the second-order up-winding[1], the standard third-order up-winding** [9] 
and QUICK[10] schemes). The problem solved is as follows which is similar to that of reference [11], 

                                                 
* This is an approximation of the exact truncation error, since in handling with the first-order derivatives you need also truncate 
a similar series. Therefore, for a certain formulation, additional terms should be added to eq(6). But this would not influence the 
conclusion of the following analysis. In this paper, the order of a formulation is referred to that of the approximation of the 
control-volume face value. 
** This scheme is the second-order accurate in space for the control-volume face value and the third-order for the first derivative 
at the control-volume face. 
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The intensity of the source term S is supposed to be proportional to the convection parameter F so as to 
keep its relative contribution at a given level for various F values, i.e., 

S(x)=Fq(x)                                                                                           (11) 
where q(x) is given by, 
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In the following computations, Γ is set to unity and hence PeL  =F. 

Three groups of comparisons are made for each scheme: a) constant grid Peclet number with 
various grid sizes; b) constant grid size with various grid Peclet numbers and c) both grid Peclet number 
and grid size are changed. The main results are outlined as follows. 
 

 
 
3.1 Constant Grid Peclet Number Comparisons 



  

 
In this group of comparisons, the value of the convection parameter F and that of the grid size h are 

changed in such a way that the grid Peclet number Peh is kept at a given value. The purpose of the 
comparisons is to test grid size effects on the prediction accuracy of a formulation. For a given Peh, the 
computations are carried out of four different grid size values of 0.1, 0.04, 0.02 and 0.01 for each scheme. 
The range of Peh tested is 0.1 ~ 100, and the range of F is 10 ~ 10000. Since the results of different grid 
Peclet numbers are similar in the above range of Peh, only those of Peh=10 are quoted here as shown in 
Fig. 1 to Fig. 4∗.  

From these figures one can see that for these four different schemes ( the power-law, the 
second-order up-winding, the standard third-order up-winding and QUICK), the pattern of the grid size 
effects on the prediction results are almost the same, i.e., for a given grid Peclet number Peh, the 
prediction accuracy increases as the grid size h decreases. The following conclusions could be drawn 
from Figs 1~4: a) The power-law scheme which is the typical of the EDS-based ones shows a rather low 
accuracy compared with the other higher-order schemes. This is in the general agreement with the 
previous researchers[5,6]; b) The grid size has a strong influence on the prediction accuracy. Though all 
the four schemes were claimed by various researchers that at this level of grid Peclet number they can 
produce an acceptable result, they in reality can not even give a physically-true prediction when grid size 
is relatively large (see the results of h=0.1 of Fig. 1); c) The grid size must be fairly small to ensure that 



  

a scheme produces a satisfactory prediction. Actually, if a such prediction should be expected, the grid 
size h should be smaller than that given by eq(8). For example, for the second-order up-winding scheme 
(n=2), in the case of PeL=F=500, eq(8) gives hmax=0.04. It can be seen from Fig. 3 when h=0.02<hmax, a 
quite good prediction is obtained; d) The higher the order is of a formulation, the smaller the grid size is 
required to produce an acceptable prediction. This can be seen from Figs. 1~4 that the high order 
schemes require a finer grid to produce physically-true results; e) Though the high-order schemes 
generally work better than the EDS-based ones, no appreciable superiority of those higher than the 
second-order schemes are observed over the second-order up-winding. 

 
3.2 Constant Grid Size Comparisons 

 
This group of comparisons is designed to test the grid Peclet number effects on prediction at a 

given grid size. All the schemes show a similar behavior at different grid sizes, hence only the results of 
the power-law and the second-order up-winding schemes are cited, as shown in Figs. 5~8. From these 
figures, it can be seen that the grid Peclet number has only a weak influence on the prediction accuracy 
when the grid is fine enough. This is quite different to that of the grid size effects and our general 
knowledge. 

 
3.3 Constant Convection Parameter F Comparisons 

 
This method of assessing a formulation is currently widely adopted in literature. The method is apt 

to lead to the unreliable conclusion. For instance, in Fig. 9 the results show that the second-order 
up-winding scheme works badly for the case that Peh =10. However, as we have shown above, it may 
work quite well at this Peh level if the grid size is small enough. Moreover, from Fig. 9 one can see that 
when Peh is equal to 1 the scheme gives a very accurate prediction, but it can also be seen from Fig. 10 
that at the same grid Peclet number it does not work so well as shown in Fig. 9. The similar results are 
obtained for the other schemes. Therefore this method of assessing a formulation is not fully reliable. 

 
It should be pointed out that in drawing the above figures not all the data points obtained are used 

for clearness when h is small. This might lose some details that can be important for assessing the 
performance of a scheme in sudden-jump regions. Fig. 11 gives the detailed information of the results 
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predicted by the four schemes in the sudden-jump region. 
It can be seen from the figure that except of the power-law 
and the second-order up-winding (with only a slight 
overshoot) schemes, very serious oscillations are observed 
for both the standard third-order up-winding and the 
QUICK schemes. Moreover, it might be well concluded 
that the penetration depth of the oscillation is proportional 
not only to the grid Peclet number[6] but more significantly 
to the order of a formulation. This perhaps hints that in 
dealing with sudden-jump regions the efficient way is by 
using a finer grid with a moderate high-order formulation 
of the convection terms instead of adopting a higher-order 
formulation. 

 

4. CONCLUDING REMARKS 

This paper has attempted to make a better understanding of grid Peclet number and grid size in 
dealing with the assessment of a finite-difference formulation of CDEs. A simple Taylor-series analysis 
was carried out of the finite-difference discretization of the convection terms of CDEs. It is proved that 
there is a limitation on grid Peclet number and grid size for a formulation to produce expected numerical 
predictions. It is important to fulfill the requirements of the limitation if a nth-order formulation is 
expected to give a nth-order accurate result. The systematic numerical computations were then made of 
a simple one-dimensional CDE to verify the theory. The numerical results show that the grid size has 
much stronger influences on the prediction accuracy than the grid Peclet number does. It is also proved 
by the numerical comparisons of this paper that the higher the order is of a formulation, the finer the grid 
is required to get an acceptable physically-true prediction. The comparisons of the four widely-quoted 
schemes demonstrate again that the EDS-based schemes are generally quite inaccurate compared with 
the high-order ones. However, it is shown, at least by the results of the one-dimensional CDE solved in 
this paper, that the second-order-up schemes do not work anything better than the second-order 
up-winding scheme. Therefore it is not a problem of the-higher-the-better of the order to improve the 
discretization of the convection terms. In fact it might well be inferred from the numerical results of the 
paper that it may not be a better way to locally adopt a high-order discretization as recommended by 
some researchers[5,6] than to use a locally finer grid in sudden-jump regions to avoid overshoot and/or 
undershoot and unphysical oscillations. Considering that all the schemes use the second-order central 
differencing for diffusion and the good performance of the second-order up-winding for convection 
demonstrated in this paper, it is recommended here the second-order up-winding scheme for CDEs from 
a point of view of its accuracy and its consistency in discretizing the convection and the diffusion terms. 
In case a better prediction is expected then the technique developed by Leonard et. al.[7] may be 
incorporated with it. 
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